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Summary. Let T be a measure preserving transformstion of =

G I N T
probability space (R,&,P) into itself.

We will say that T is a stable transformation if for every
A, B& lim P(T " ANB) exists.

Stable transformations are investigated in this article with the

aid of Rényi's results on stable scquences of events. The concept

of a stable transformation generalises that of a mixing transformation.

0L, P) be a probability space.

Let T be a measurable transformation (nct necessarily one to one) of

into itself., Assume further that T is measure preserving, that 1is,

-1

P(T ' A) = P(A) for every Aeafl. Following Rényi [5] o, we will sgy that T
is stable if for every Ae«ff, {T™ A, n = 1,2,...} is a stable sequence
of sets, that 1is, for every A, Bgff, 1lim P(T " A NB) exists.

The purpose of this article 1i1s to Stuﬁ§gsuch transformations .

The concept of stability generalises that of mixing. It will be

shown that a stable transformation T is mixing if and only if the o~field

of invariant sets is trivial. [A measurable set A is said to be invariant
ir T A = A).

As the present investigation relies heavily on the results proved 1in

[5] ., we will for the sake of completeness give a resumé of these in section

2. In section 3 the analogues of results for stable sequences of sets will

be proved for stable transformations. Examples of stable transformations

will be given in section L.
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2. Resumé of results on stable sequences of events

sequence of events. We will say that {An} 1s a stable sequence of events

P) be a probability space and let I‘An’ n=1,2,.00} be a

i f for eve I"y' B & O%

lim P(Ann B) = Q(R)

¢ e

exists,

Theorem 2.1. If {A }

‘then Q is & measure on (2,4
Denote by & the Radon-Nikodym derivative of Q with respect to P. a is

1s a sStable sequence of events and Q 1s as above,

and 1s absolutely continuous with respect to P.

said to be the local density of the stable sequence of sets {An}o

A sequence of events {An, n = 1,2,...} is said to be mixing if

there exists B, O < B <1 such that for every B &« &L

1im P(AnnB) = B P(B).

T} PR

8 18 called the density of the mixing sequence {An}a

&, then {An }

BTt S IRI,

Corollan

2.1 If 1A}

S {Ang n = 1323000 b

1im P(A fIA ) = K = 1,2,000
- P-k . 0 223

._ . ® .

K= 1,2,c00y and 9y = lim P (An) . Then {An }

only 1if the qk's (k = 8??,2,”4) are all equal.
The property of stability is preserved if the underlying probability

in sdgition, P(A) >0, k = 1,2,..., set q

el

measure P 1s replaced by a probability measure absolutely continuous with

respect to P, More explicitly, we have
ﬂ

Dy

L .

continuous with respect to P. Then {A_} is

[T -.,L:'} Lo on

measure on (Q,0),

stable on (Q,H

o PM) with local densit‘[ 3
—_




3. Some general theorems on stable transformations

Let T be a stable tramsformation on (Q,8{P), that is, T is measure
The limit is

preserving and lim P( T AN B) exists for every A, Babl

. I+
easy to find.

Theorem 3.1. Let T be a stable transformation. Then

1im P(T 2 AAB) = J P(A/&) ap
B

J is the inveriant o-field spd P(A/J) is the

conditional probability of A given ¢

Proof. By definition, the sequence {T™" A, n = 1,2,...}, where A&OL
is stable. Hence lim P(T " AAB) exists for every Be®, But by the

Individual.: Ergodigﬁfheorem, we have:

1 -1

= }: IT--»RA converges almost surely to P(A/}), where IC is the indicator
k=0

ne-1
of the set C. Hence if BeO{, il Z I.-k,. I_ converges almost surely to
0 =0 7 A "B 7
P(A/Y) - IB“* Apply thie Duminated Convergence Theorem. We get :
n-1
: -k . -
llm% ) P(TTT AQB) = J P(A/) daP, that is, the sequence {P(T™ " AOB)]
n =0 B
1s Cesaro-summable to J P(A/§) aP. The result now follows from the
B .

remark made at the beginning of the proof.

o

Remark. Denote Dy a, the local density of the stable sequence {T“n A},

A8M, What we have proved then is that J & p ar = J P(A/d) 4P for every
| B B

Bedl But a, and P(A/g) are &-measurbale functions. Hence @, = P(A/&)

almost surely. Therefore the local density of {T“n A} is simply P(A/S).
In order to check 1f a mesure preserving transformstion T i1s stable,

1t 1s in fact sufficient to verify that lim p(T™™ ANB) exists for A = Bed

110

Theorem 3.2. A measure transformation T is stable if and

only if lim P(’I‘mn ANYA) exists for every AeBL.

I} -»o0
Proof. The "only if" part is trivial. Consider now the seguence

{Tﬂn A, n = 1,2.9“}, Ae®, We want to show that {T“n A} 1s stable, Note
5 A{'l'l.’mﬂL L) = P(T"k(T"(n“k)AnA)) =

that since T is measure preserving, P(T

—_ 3 —



= PQTm(nmk)AﬂA)g where n > K, But by the hypothesis, llm P(T" w(n- k')AﬂA) |

e¥is8ts and so lim I"’*('I""""li AnT“n

2,205 T

A) existsp k = 1323&”&0 0 HenCEE by Theoren
A} B stable. This completes the "if" part of the proof,

A measure preserving transformation T is mixing

the
-1 . . : : :
sequence of events {T A, n = 1,2,...) is mixing with density P(4), that is,

if for every Ae &

lim P(T"° ANB) = P(A) » P(B).

1o
Clearly a mixing transformation is stable., When is the converse true?

Corollary 3.1. In order that a stable transformation T be mixing, 1t

. sary and sufficient thatd , the o-field of inveriant sets,
trivial under P.

Proof. Suppose that 3’ is trivial under P, that is, if A€ then

P(A) = 0 or 1. By Theorem 3.1., sSince T i's_stable, we have

1im P(T™" AAB) = j P(A/S) ar
B

-+

for every A, B‘ﬁ@fn But as o is trivial, P(A/J) = P(A) almost surely for

every A&0L Hence lim P(T™" AAB) = P(A).P(B) for every A, Be®, so that
T is mixing. Convézr}';gly, assume that T is mixing. Let p&d . Then T° A = A
for n = 1,24.00 o But {T“n A, n = 192,&”} 18 mixing. Hence for every

P(AAB) = P(A)<P(B), that is, P(A) = O or 1. Therefore, & is trivial,

which concludes the proof.

Let us now turn to the functional form of stability. '
"be the class of complex-~valued random varisbles f on (Q,&,P) such that
j lf‘”iz dP < «, Identify all functions in which differ on a set of measure
zerc., Then d 5 is a Hilbert space over the field of complex numbers with
inner-product {(f,g) = Jf‘ g apbP (here x is the complex—-conﬂugate of x) and

norm ||f|]| = J |f|2 dP)%.. If T is a measure preserving transfomatlon of

Q into itself we can define a transformatlonu off into 1tself as follows:
Vf=foT, fsf Then J is en isometry, that 18, U 18 a bounded linear

transformation such that “Uf“ Hf” for every fafa (see [_2], page 14).
Denote by Y= the n~th iterate of U.

Call a function f‘afg invariant if Uf.= f. Denote by Ea the projection

— 4 —



. We can now characteris

cn the closed subspace of invariant functions in,£2
stability of T as follows,

Froof. The proof depends on the remark that the conditiocnal expectation

o v A
of f given o 1s almost surely egual to Eo f, If f and g are indicators of
sets F and G respectively, then the functional form simply reduces to the

set-theoretic definition of stability. To go the other way, use a double

The

‘approximation process as follows: let g be a fixed indicator in & o

result holds for simple functions fe &, and so by & 2-4- approximation

holds for functions fe 2.20 Now let f be a fixed function 1n £2 and &
similar argument about g yields the result.

is trivial so that all invariant functions

In the' case of mixing,

, Where 1 stands

in £2 are constants. Hence Eo f = (£,1)1 for every f&f

for the function which 1s equal to one everywhere.

n-> |
We may add here that 1f T 1s stable, then Un converges to Eo in the

strong operator topology only in a rather trivial and uninteresting case.

In fa.ct,Un converges to Eo in the strong operator topology if and only

if every function 3n £ is invariant. To prove this statement, note that

2 .
since un converges weakly to Eo* Yo wila qonverge strongly to EO 1f and
only if lim HUn £l = “‘Eo f‘H for each f @&, But HUn £l = llf'lc
Note alsd'that for any ' BEd |2 = H_EQ f | 12 + |l£ - E_ £ I2 by the

if and only

Decomposition Theorem. Hence HEO £l] = ||f]| for each fe&g& -

- a1f EO f = f for each fagé 5°

The property of stability is preserved 1if the underlying measure 1S

This completes the proof.

repleced by a measure absolutely continuous with respect to it. Explicitly

we have:

Theorem 3.4. Let T be a stable transformation om (2,8P). Let Q be
_probability measure on (Q,04) such that 7 is absolutely _continuous with

respect to P. Assume further that Q is preserved by T. Then T is stable

— 8



o, P(A/g) = Q(a/g

%Q) and for every

Proof. Consider the sequence of sets {T @ A, 0 = 1,2,.00}, A&l

Since Q is absolutely continuous with respect to P, by Theorem 2.3.,

-1 . . | :
{T A} 1s stable with respect to Q. Hence T is stable on (Q,8Q)-.
) dQ for every

Furthermore, by Theorem 2.3., lim Q(T™ ANB) = J
B

19 R
A, Bad). Hence by Theorem 3.1 we have: f Q(A/J) aQ = J' P(A/j' ) dQ for
B B

ad. This proves the second assertion of the theoremn.

Corollary 3.3. Le' P and Q be probsbility measurcs on (Q,&

Assume that T is stable for both P and Q. Then, if P=Qonj, P = Q

R N T ) ' -

Proof. Let u(a) = 3 P(A) + z Q(A), Ae®l It is easy to verify that
T 1s stable for u. Note that P, Q are absolutely continuous with respect
to u, Furthermore, n = P = Q ond . By Theorem 3.4, (AL ) = P(A/§) almost
surely [:P:[ for every A€6{. Note that the exceptional set above isd -
measurable and so must have uwmeasuré zero a&s well., Ageain, as P(A/J),

U(A/j) ared -measurable functions, we have:
s) = [ ww/g) af = [ 2aig) ¥ = 2

for every A && Here Lﬂ, Pﬂ denote the restrictions of u, P, respectively
tod . This proves the corollary.

e

a

m LP). Let 0 _22

transformation on (2,8

- Let T D

m . . T, " . e - Ay e

bect to P and that it is p

Proof. Follows directly from Theorem 3.h4.

Corcllary 3.5. Let P and Q be probability measures on (Q2,8) for which

T is a mixing transformation, either P = Q or P and Q are mutually

singular.
Proof., Suppose P # Q. Then by Corollary 3.3, there exists a set rAed

! such that P(A) # Q(A). But, since T is mixing for both P and Q, either

P(A) = 1 and Q(A) = 0 or P(A) = 0 and Q(A) = 1. In either case, P and Q

are mutually singular.



4. Exanples

oyl A T e ot s ST A B e S Sl o o g Theen T g g T D e A b LT D e e e e VS L ST SO T Fogetl st

A, Let T be the identity transformation on a probebility space
( 9 ) - A P) . that i Sy T W = w y W & ) . Then and T i s stable. ITf: o -

non-trivial, we get an example of a stable transformation that is not
MixXing.

B, Let (Q,8

- b
5

be a countably i1nfinite product of a measurable space

)u Denote by w (n = 1,2,,00.) the n-th coordinate of a point w in Q.

We will use the following notation for finite dimensional rectangles:
(i,) (1 )
] :
C(E1 9 ©OC U9 Enn ) 1s the set of all w such that wi &Ekp k = 19 voeyp Ile
. k
If ik = kK, K= 1, c0c, n, we will write C(El' voveg E ). Let T be the shift

n
operation on 2, that is, T w m1, where w1 = W

n n+1?® B=

i

(i) (1)

(3 ,) (3,)
P(C(E1 sy cvog L -

1 ’ , n

)) = P(C(E

Il

for all n = 1,2,¢0.., 811 E_, E end all sequences of positive

1% T2°
o 8Ad Jys soes J (i's all distinct esnd j's all distinet).
Then T 1s a stable transformation on (Q,8

integers i19 cuog 1

., P). To see this, first note

that T 1s measure preserving. liow let B be a measurable {1ﬂ ooy m}mcylinder,

that 18 B = A X Qo ~ 0 %X ..., Where A 1s a measurable subset of

O
2, % QO X eow X Q (m times). Consider the sequence of sets {Bk, k = 1929000}
where Bk = 7% B, k = 1,255¢0 o It 18 clear that B is a {K+1, ocoes kim}~-

cylinder with base B. Hence, as P 1s a symmetric measure, for n large
P(B_NB ) = P(C), where C is the {1, coe, 2m}=cylinder B x B x QxR X e
Hence lim.P(Bk()Bn) exists for k = 1,2,.., . Therefore, by Theorem 2.2,

T"k B" 1s stable, But for every set A€OLand € > 0, there exists a }1,... ,m}
cylinder B (for some m) such that P(A 4 B) < €. It is easy to see that the
stability of the sequence {Tfn A} follows from that of {T"n B}g
This proves that T is a stable transformation.

In particular, let P be a product measure with identical components.
Then it is well known that T is mixing (see [E], page 110). Conversely,
assume that T 1is mixizﬁ.g for a symmetric measure P. Let A = C(EPQM,E ) be

™M
a measurable finite~dimensional rectangle. It i1s easy to see that

— 7



A) = P(C(Eiﬁagg,mm, E1,,ag,3m)), K = 1,25000 o

. - W " o » ) wn - B .
The limat 18 independent of k. But the sequencs QT .A} 18 mixing. Hence,

by Theorem 2.2, we must hove

2

P(C(E.!gdwngmg E19ﬁ¢ngm)) -~ P

F AN

{c(Ejagag,Em))ﬂ

As T is mixing, this last relation is true for all measurable finite-
dimensional rectangles. Hence, by Theorems 5.2 and 5.3 1n Iﬁj (see
pages LT7T7-LT78), P must be a product measure with identical compenents.

Hence we have

Theorem L.1.Let P be a symmetric probability measure on (R,&

-

Then T is steble and T is mixin 1f P is & 1

ety ke par
A RRLIA dav,

‘ ‘ | l
with i1identical compmonents,
R R A e I A Ty e R T T P A et va ey vy Lo TR L M A AR M T TR Ch

C. Let {xn, n=0,1,...} be a stationary speriodic Markov chain with
countable state space I. Elements of I will be denocted by i with or

without subscripis. Assume that the Markov chain is defined on the

appropriate (unilateral) sequence space (Q,60

operator on (2,88, If P is the relevant probebility measure on (0,69

T is stable on (Q,04F).

To prove this, let us note that it is sufficlent to demonstrate

stablility of sequences of events iTMn A, n = 1,250}, Where A is a

finite~dimensional rectangle of the form(xo = 1 se00X = i ) the i's

being ergodic states belonging to the same class. We have for large n

A) — (nwmmk) B
P; Py i oo Py 4 Pij Pi i =e°Pi i
O o 1 m«1m m O 0.1 m~1 m

where p. denotes the initlal distribution, P; ; the one-step transition
ég) the n-step transition probability.
Clearly since lim pgg) = 7., for J ergodic,
I i)
lim P(T™F AnT™ A) = P; Py 4 °°° Py 173 3 P33 0Py 4
Yy >0 o o 1 m-1"m mo o 1 "m-1"m

probability and p

®

1{1"-—" gq?.gﬁﬁu e

ot 9!

Hence by Theorem 2.2, {T™" A} is stable. This proves the assertion.
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| D. We conclude with an example of a measure preserving transformation
which is not stable.

Let @ = [0,7], Olthe o-field of Borel subsets of 2, P Lebesgue
measure on& Let T be an invertible, both ways measurable,
preserving transformation of Q onto R, which has strict period m (m > 1)
at almost all [i{[ points of Q. '

measure

According to a result of Halmos (see [:2] , page T0), there exists
a set E4O such that P(E) = 1/m and E, T"1E, o uuyp T"(m“" )E are
pairwise disjoint. It follows that limsup P(T" " EAE) = 1/m and
liminf P(T"" ENE) = 0, so that the Sequence {T™" E, n = 1,2,e.0)

}
i§+;ot stable, Hence T 1s not stable,
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Ré€sumé. Soit T une transformation, conservant la mesure, d'un

w

espace de probabilité (Q,HP) dans lui-méme. On dira que T est stable
si, pour tout A, Baf, il existe lim P(T™" ANB). L'investigation des

transformations stables est fondégﬂigur des résultats de Rényi concer-

nant les sultes stables d'événements. La motion de transformation

stable est une généralisation de celle de transformation melangée,
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